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Abstract

The prediction of birefringence developed in injection moldings is very important in order to satisfy required specification of molded

products. A novel approach for the numerical simulation of the flow-induced crystallization and frozen-in birefringence in moldings of

semicrystalline polymers was proposed. The approach was based on the calculation of elastic recovery that becomes frozen when the flow-

induced crystallization occurred. The flow effect on the equilibrium melting temperature elevation due to the entropy reduction between the

oriented and unoriented melts was incorporated to model crystallization. To find the entropy reduction and the frozen-in elastic recovery

during crystallization, a non-linear viscoelastic constitutive equation was used. From the ultimate elastic recovery the crystalline orientation

function was calculated. The crystalline and amorphous contributions to the overall birefringence were obtained from the crystalline

orientation function and the flow birefringence, respectively. The birefringence profiles were measured and predicted in moldings of

polypropylenes of different molecular weights obtained at various melt temperatures, injection speeds, holding times and mold temperatures.

The resulting predictions were in fair agreement with corresponding experimental data.

q 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The properties of polymer products are closely related to

their morphology, resulting from the mechanical and

thermal history experienced during the manufacturing

process. Upon the imposition of deformation or strain,

polymer melt flows and accumulates both the elastic and

plastic strains due to the viscoelastic nature of polymer

molecules. Polymer molecules are extended in the flow

direction. The molecular orientation due to flow depends on

the value of elastic part of the total strain. Upon the

cessation of flow, the orientation reduces as the elastic strain

decreases.

In amorphous polymers [1], the elastic strain or

orientation freezes when the temperature goes below the

glass transition temperature. In semicrystalline polymers,

this condition may be reached below the crystallization
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temperature. The frozen-in orientation is related to the

birefringence, because the molecular orientation increases

the polarizability along the molecular chain.

In processing operations, such as the injection molding or

extrusion, frozen-in orientations and residual stresses arise

[2]. The flow-induced stresses arise from the shear and

normal stresses during flow, leading to the orientation of

polymer chains. If these stresses and orientations do not

completely relax during the subsequent cooling period, they

appear as the frozen-in birefringence and flow stresses in the

products. In case of the injection molding, the extensional

flow at a melt front also causes birefringence.

Residual thermal stresses arise due to the differential

density or shrinkage variation and the viscoelastic behavior

of the polymer during the non-uniform cooling through a

glass transition or a crystallization temperature. Thermal

birefringence arises due to viscoelastic behavior of polymer

when it vitrifies or crystallizes. The coupling between these

various stresses occurs during cooling and annealing. The

degree of coupling appears to depend on the molecular

conformation and is not yet completely understood. The

frozen-in strains and stress patterns in injection molded
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parts are more complex than those in extruded films or

sheets.

In general, residual flow stresses cannot be measured

directly [2–5]. However, since the flow stresses give rise to

the molecular orientation, the measurement of frozen-in

molecular orientation in terms of residual birefringence is

an indirect indication of the residual flow stresses. That is, a

distribution of flow stresses in moldings can be constructed

from the birefringence measurement by the use of rheo-

optical rule, relating the residual birefringence and flow

stresses. This has been found to be generally true for

amorphous polymers [2–7]. There are also a few attempts

made to theoretically predict the residual flow stresses and

correlate them with the measured frozen-in birefringence

[2–5,8–12]. However, for the case of semicrystalline

polymers, little information is available, related to the

prediction of crystallization and its effect on the develop-

ment of birefringence [13–17]. Typically predicted birefrin-

gence development does not coincide with the

experimentally measured birefringence.

In the present study, the numerical simulation of the

flow-induced crystallization and frozen-in birefringence in

moldings of semicrystalline polymers was carried out. The

approach was based on the calculation of the elastic strain

that becomes frozen at the onset of crystallization. The flow

effect on the equilibrium melting temperature elevation due

to the entropy reduction between the oriented and

unoriented melts was incorporated to model crystallization

[17,18]. To find the frozen-in elastic recovery during

crystallization and entropy reduction, a non-linear viscoe-

lastic constitutive equation was used. From the elastic

recovery the crystalline orientation function was calculated

by using Gaylord’s theoretical analysis [19]. Then crystal-

line and amorphous contributions to the overall birefrin-

gence were obtained from the crystalline orientation

function and the flow birefringence, respectively.
2. Theoretical consideration

2.1. Governing equations

The melt delivery system and mold cavity are typically

comprised of the geometric elements having either circular

or rectangular cross section. Along the flow channel,

geometric discontinuity occurs at the gate and junctures.

The physical nature of the flow during the injection molding

process in the channel allows for some simplifications of the

governing transport equations for the non-isothermal flow of

non-Newtonian fluids.

These may be summarized as follows:
1.
 The lubrication approximation is introduced. Due to

small Reynolds number, inertia forces are neglected. In

addition, the velocity and dynamic forces in the gapwise

or radial direction are neglected along with the
extensional flow arising in juncture region of mold and

elongational flow at the melt front.
2.
 The polymer melt is assumed to be viscoelastic with the

behavior obeying Leonov model [20], which incorpor-

ates temperature, time and shear rate dependence.
3.
 The compressibility of polymer melt, which is important

during the packing stage, is taken into account by

Spencer–Gilmore PVT equation of state [21–23]. How-

ever, without the loss of accuracy, the incompressibility

of the melt is assumed during the filling stage.
4.
 Heat conduction is limited to the gapwise direction of a

flow channel, with polymer temperature at a wall being

set to that of a mold, Tw. Besides, heat convection is

considered only along the flow direction.

The assumptions and simplifications stated above lead to

Hele–Shaw type flow of the polymer melt, according to

which the pressure is independent upon the gapwise (or

radial) location.

The 1-D flow in a rectangular channel having the

gapwise thickness of 2b and the width of W is considered. In

addition, the flow in a tube having the radius of R is

considered. The Cartesian coordinate system is defined such

that the flow direction is designated as x-axis and the

gapwise direction as y-axis. In cylindrical coordinates, the

radius direction is designated as r-axis. The governing

transport equations are:

Equation of continuity:

vr

vt
C

vðruÞ

vx
Z 0 (1)

Equation of motion:

vP

vx
C

v

vy
h
vu

vy

� �
Z 0 ðCartesian coordinatesÞ (2)

vP

vx
C

1

r

v

vr
hr

vu

vr

� �
Z 0 ðcylindrical coordinatesÞ (3)

Equation of energy conservation:

rCp

vT

vt
Cu

vT

vx

� �

Z k
v2T

vy2
CFC _Q ðCartesian coordinatesÞ (4)

rCp

vT

vt
Cu

vT

vx

� �

Z
k

r

v

vr
r
vT

vr

� �
CF

C _Q ðcylindrical coordinatesÞ (5)

where r is the density, u is the velocity in the flow direction,

Cp is the specific heat capacity, P is the pressure, T is the

temperature, k is the thermal conductivity of the polymer, h
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is the viscosity, F is the energy dissipation and _Q is the rate

of heat release due to crystallization per unit volume.

The rate of heat release due to crystallization is defined

according to the crystallization kinetics as follows:

_Q Z rXNDHc

dq

dt
(6)

where XN is the ultimate degree of crystallinity, DHc is the

heat of fusion per unit mass for the pure crystal and q is the

relative degree of crystallinity.

For a viscoelastic flow, the energy dissipation function is

[24]:

FZ 2sh0 trð
��E
2
Þ

C
XN

kZ1

hk

4q2k

Ik
CðII

k
C K Ik

CÞ

3
C trðC2

ij;kÞK3

� �
(7)

where ��E is the deformation-rate tensor, s is the dimension-

less rheological parameter lying between zero and unity, h0
is the zero-shear-rate viscosity, hk is the shear viscosity of

the kth mode, Ik
C and IIk

C are the first and the second invariant

of the elastic strain tensor, Cij,k, and qk is the relaxation time.

Leonov multi-mode non-linear constitutive equation was

used to describe the rheological behavior of polymer melts

[20]:

CV
ij;k C

1

2qk

½C2
ij;k C

1

3
ðIIk

C K Ik
CÞCij;k K

��I�Z 0 (8)

where ��I is the identity tensor and CV
ij;k is the Jaumann

derivative.

The deformation-rate tensor and the zero-shear-rate

viscosity may be expressed as

��E Z
1

2
fV �uC ðV �uÞTg (9)

h0ðTÞZ

PN
kZ1 hkðTÞ

1Ks
(10)

The viscosity and the relaxation time are assumed to

have an Arrhenius-type temperature dependence:

hkðTÞZAk exp
Tb

T

� �
(11)

qkðTÞZBk exp
Tb

T

� �
(12)

where Tb is the temperature sensitivity related to the

activation energy and Ak, Bk are constants.

These values may increase dramatically as the polymer

crystallizes. However, the crystallinity effect on the

viscosity and relaxation time was not considered in this

study.

In case of simple shear, the elastic strain tensor has the

following form:
Cij;k Z

C11;k C12;k 0

C12;k C22;k 0

0 0 1

2
64

3
75 (13)

For 1-D incompressible case in the filling stage, the

conservation of mass and momentum may be expressed as

[2]:

v

vx
S
vP

vx

� �
Z 0 (14)

where fluidity S is defined as:

S Z

ðb

0

y2

h
dy ðCartesian coordinatesÞ (15)

S Z
1

2

ðR

0

r3

h
dr ðcylindrical coordinatesÞ (16)

The average velocity, �u, can be expressed as

�u Z
1

b

ðb

0
u dy ðCartesian coordinatesÞ (17)

�u Z
2

R2

ðR

0
ru dr ðcylindrical coordinatesÞ (18)

According to the N-mode Leonov model, the stress

tensor tij is then given by:

tijðy; tÞZ 2mq1ðTÞs _g

0 1 0

1 0 0

0 0 0

2
64

3
75

C2
XN

kZ1

mkðTÞ

C11;k C12;k 0

C12;k C22;k 0

0 0 1

2
64

3
75 (19)

where _gZKvu=vy is the shear rate, mkZhk/2qk is the

modulus of kth mode and mZh0/2q1.

The governing equation for Cij,k in Eq. (8) can be

expressed in the component form as:

DC11;k

Dt
K2C12;k

vu

vy
C

1

2qk

ðC2
11;k CC2

12;k K1ÞZ 0 (20)

DC12;k

Dt
KC22;k

vu

vy
C

1

2qk

ðC11;k CC22:kÞC12;k Z 0 (21)

C11;kC22;k KC2
12;k Z 1 (22)

with D/Dt being the material derivative operator.

Introducing the pressure gradient, L, the shear stress, t12,

can be expressed by:

t12 ZLy Z h _g ðCartesian coordinatesÞ (23)

t12 Z
Lr

2
Z h _g ðcylindrical coordinatesÞ (24)
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On the other hand, by integrating Eq. (17) (Cartesian) or

Eq. (18) (cylindrical) by part, and eliminating _g using Eq.

(23) (Cartesian) or Eq. (24) (cylindrical), it follows:

�u Z
L

b

ðb

0

y2

h
dy Z

L

b
S ðCartesian coordinatesÞ (25)

�u Z
L

R2

ðR

0

r3

2h
dr Z

LS

R2
ðcylindrical coordinatesÞ (26)

Accordingly, from Eqs. (17), (19), (23) and (25) for

Cartesian coordinates, or from Eqs. (18), (19), (24) and (26)

for cylindrical coordinates, L can be expressed as

LðtÞZ
2msb �uK2

PN
kZ1 mk

Ð b
0

yC12;k

q1
dy

� �
Ð b
0

y2

q1
dy

ðCartesian coordinatesÞ

(27)

LðtÞZ
4msR2 �uK4

PN
kZ1 mk

Ð R
0

r2C12;k

q1
dr

� �
Ð R
0

r3

q1
dr

ðcylindrical coordinatesÞ

(28)

The elastic strain tensor components at a steady state

flow, Cst
ij;k, can be expressed by:

Cst
11;k Z

ffiffiffi
2

p
Xkffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1CXk

p (29)

Cst
12;k Z

2 _gXk

1CXk

(30)

Cst
22;k Z

ffiffiffi
2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1CXk

p (31)

where XkZ1C
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1C4ð _gqkÞ

2
p

.

The shear viscosity can be expressed as

hZ h0sC
XN

kZ1

2hk

1C
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1C4ð _gqkÞ

2
p (32)

In order to consider the compressibility during the packing

stage, Spencer–Gilmore thermodynamic equation of state

[21–23] can be used as:

ðP þ �PÞð
1

r
K

1

�r
Þ ¼ R̂T (33)

The specific volume for semicrystalline polymers can be

calculated from Eq. (33) as:

VðT ;PÞ ¼
1

rðT ;PÞ
¼

1

�r
þ

�R

P þ �P
T þ

1

�rt

(34)

where a typical PVT curve is comprised of two linear

regions of rubbery and glassy state separated at the glass

transition temperature including the density compensation

term, �rt, to handle the sharp density change in the vicinity of

crystallization temperature, Tt as proposed in [25]. Material

constants, �r; �R; �P, are different for the rubbery and glassy
states. They can be determined from two separate fits to

experimental data.

Eq. (34) can be expressed in two separate regions as

follows:

if TRTt

1

�rt

Z b7 expðb8
�T Kb9PÞ; �rZ �rl; �R Z �Rl; �P Z �Pl (35)

if T!Tt

1

�rt

Z 0; �rZ �rs; �R Z �Rs; �P Z �Ps (36)

with

Tt ¼ b5 þ b6P and �T ¼ T Kb5 (37)

where b5, b6, b7, b8, b9, and, �rl; �Rl; �Pl and �rs; �Rs; �Ps are

fitted material parameters at the above and below the phase

transition temperature for semicrystalline polymers.

For a semicrystalline polymer like PP, a typical PVT

curve consists of two linear regions of the rubbery and

glassy state with a transition zone in between. The specific

volume at the transition region as a function of crystallinity

as well as temperature and pressure is calculated by:

VðT ;P;XcÞZXcVsðT ;PÞC ð1KXcÞVlðT ;PÞ (38)

where Vl and Vs are the specific volume above and below the

transition temperature and Xc is the absolute degree of

crystallinity.

Since the specific volume depends on the pressure and

temperature one can write:

vr

vt
Z

vr

vP

� �
T

vP

vt
C

vr

vT

� �
P

vT

vt
(39)

where

vr

vP

� �
T

Z
r

PC P̂
1Krr̂
� 	

(40)

vr

vT

� �
P

ZK
r

T
1Krr̂
� 	

(41)

Assuming no slip condition at the mold wall and the

geometric symmetry of the flow channel, appropriate

boundary conditions for the velocity and temperature

could be specified as follows:

ujyZb; yZR Z 0;
vu

vy
jyZ0 Z 0 (42)

TjyZb; yZR Z Tw;
vT

vy
jyZ0 Z 0 (43)

Since pressure P is assumed to be independent of y-

position, the integration of Eq. (2) over y (Cartesian) or Eq.

(3) over r (cylindrical), with the incorporation of Eq. (42),

gives:
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_gZK
vu

vy
Z

Ly

h
ðCartesian coordinatesÞ (44)

_gZK
vu

vr
Z

Lr

2h
ðcylindrical coordinatesÞ (45)

where L represents the pressure gradient along the flow

direction. That is,

LZK
vP

vx
(46)

Further, by integrating Eq. (44) (Cartesian) or Eq. (45)

(cylindrical) and making use of Eq. (42), one can get:

u ZL

ðb

y

y

h

� �
dy ðCartesian coordinatesÞ (47)

u ZL

ðR

r

r

2h

� �
dr ðcylindrical coordinatesÞ (48)

One may treat the density r(x,y,t) in Eq. (1) as a

representative quantity �rðx; tÞ that is independent of the

gapwise position, and neglect the convective term, u(vr/vx),

on the left-hand side of the equation. Integrating Eq. (2)

over y from 0 to b, and making use of Eqs. (46) and (47) will

result in [2]:

vðln �rÞ

vt
Z

1

b

v

vx
S
vP

vx

� �
(49)

where

�rZ
1

b

ðb

0
rðx; y; tÞdy (50)

Eq. (49) is the governing equation for the 1-D flow

combining both the continuity and momentum equations. It

should be noted that all variables in the equation are

independent of the gapwise direction. Therefore, Eq. (49) is

utilized for updating the pressure profile P(x,t) as a function

of x-coordinate and time.

The complete injection molding process can be divided

into three typical stages, namely the filling, packing and

cooling. The filling and packing stages are simulated by

numerically solving both the unified governing equation of

flow, Eq. (49), and equation of energy conservation, Eq. (4),

while the simulation of the cooling stage is similar to that of

the packing stage by assuming no flow in this stage.
2.2. Onset of flow-induced crystallization

For simplicity, the instantaneous nucleation is assumed

which makes the use of a detailed nucleation model

unnecessary. Such an assumption has been proposed for

the case of the flow-induced crystallization where the

crystallization driving forces are large [26,27].

In order to determine the highly oriented skin layer

developed during the molding cycle, it is important to know

the onset of flow-induced crystallization. For an oriented
polymer melt, the reduction in entropy, due to the

orientation of polymer molecules under flow, causes the

elevation of equilibrium melting point, To
m.

According to Flory [28] this elevated melting tempera-

ture, Tm, can be calculated as:

1

Tm

Z
1

To
m

K
DSel

DHf

(51)

where DSel is the change of entropy, and DHf is the change

of enthalpy of crystallization. The value of DHf is the

difference between the heat released by crystallization,

DHm
f , and the created interfacial energy, DHA

f :

DHf ZDHm
f KDHA

f Z fcrDHm
f (52)

The crystallization factor, fcr, is introduced as the

crystallization enthalpy change divided by the heat of

crystallization. Evidently, the crystallization factor is

affected by the created interfacial energy. Therefore, this

value is very important in the flow-induced crystallization.

As a result, the temperature elevation by the oriented

polymer melt can be expressed through the combination of

the entropy reduction and heat of crystallization [17,18]:

1

Tm

Z
1

To
m

K
DSel

fcrDHm
f

(53)

The entropy reduction in Eq. (53) is related to the first

invariant of the kth mode of the elastic strain tensor, Ik
C [17,

18]:

DSel Z
X

k

mk

Tr
½Ik
C K3� (54)

where Ik
CZC11;kCC22;kCC33;k.

This invariant can be obtained by solving the governing

equations for Cij,k during the filling, packing and cooling

stage.

It should be noted that Flory equation, Eq. (51), was

derived based on the equilibrium statistical physics. On the

other hand, Eq. (54) for the calculation of entropy reduction

is based upon the strain invariant derived from the

constitutive equation obtained from the irreversible ther-

modynamics. Therefore, in applying Eq. (51), we assume

that the non-equilibrium process at any flow condition is

treated as an equilibrium process.
2.3. Crystallization rate constant

A number of papers concerning various effects observed

during the crystallization of polymers in the oriented or

deformed states have been published. A thermodynamic

description, first presented by Flory [28], was extended by

Kobayashi and Nagasawa [29] and Gaylord [30]. These

theories predict an increase of the equilibrium melting

temperature mainly due to the entropy reduction of the

deformed macromolecular system. Attempts have been also

made to take into account the effect of external stress on the
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rate of crystallization [31–34]. On a qualitative basis this

effect was confirmed by many experiments [35–37].

For an oriented melt, the flow-induced crystallization

takes place as soon as Tm reaches the local temperature. The

elevated melting temperature Tm increases the degree of

supercooling, hence speeds up the crystallization process. It

means that the elevation of melting temperature has the

same effect as the supercooling does in crystallization

kinetics. This supercooling effect of flow on the crystal-

lization rate can be incorporated into the non-isothermal

Nakamura equation [38,39] through rate constant deter-

mined from the modified Hoffman–Lauritzen equation [40]

by replacing To
m with Tm. Ishizuka et al. [35] estimated the

orientation dependence of nucleation and growth rate by

replacing the isotropic melting temperature in the non-

isothermal crystallization equation with the elevated melt-

ing temperature due to the orientation. Dunning [41]

expressed the rate of nucleation as a function of the degree

of supercooling by replacing the isotropic melting tempera-

ture in the non-isothermal crystallization equation with the

elevated temperature due to the extension and experimen-

tally confirmed this effect. Guo and Nahr [42] and Isayev et

al. [17] applied the modified Hoffman–Lauritzen equation

and Nakamura equation to simulate the flow-induced

crystallization in the injection molding process.

The modified Nakamura equation is:

Dq

Dt
Z nKsðT ; _gÞð1KqÞ½Klnð1KqÞ�ðnK1Þ=n (55)

where n is Avrami exponent and KsðT ; _gÞ is the modified

crystallization rate constant affected by the shear rate:

KsðT ; _gÞZ ðln 2Þ1=n
1

t1=2

� �
0

exp
KU* =R

T KTN

� �

!exp K
Kk

TðTmðT ; _gÞKTÞf

� � (56)

with

f Z
2T

T CTmðT ; _gÞ
; TNZ Tg K30 (57)

where TmðT ; _gÞ is from Eq. (53), f is a correction factor for

the reduction in the latent heat of fusion as the temperature

is decreased, R is the universal gas constant, U* is the

activation energy for segmental jump of polymer molecules

and may be assigned a universal value of 6284 J/mol,

(1/t1/2)0 is a temperature independent pre-exponential factor

that includes all terms influencing the crystallization process

and Kk is the nucleation exponent. From Eq. (53) it is

evident that Tm increases the degree of supercooling and

therefore the crystallization rate.
2.4. Birefringence development during crystallization

The birefringence is the measure of the difference in the
polarizability of molecular chains in two perpendicular

directions, which is related to the chain orientation.

In case of semicrystalline polymer, the overall birefrin-

gence, Dn, is the sum of the contribution of the crystalline

region, Dnc, and that of the amorphous region, Dna, and the

form birefringence, Dnf:

Dn ZDnc CDna CDnf

ZXcfcDno
c C ð1KXcÞfaDno

a CDnf (58)

whereDno
c andDno

a are the intrinsic crystalline and amorphous

birefringence, respectively, fc and fa are the crystalline and

amorphous orientation functions, respectively. In the present

study, the contribution of Dnf is neglected.

During molding the orientation at every point of the

molded article can be characterized by the following

symmetric tensor of refractive index [43]:

nij Z

n11 n12 n13

n12 n22 n23

n13 n23 n33

0
B@

1
CA (59)

For 1-D flow this tensor can be simplified to:

nij Z

n11 n12 0

n12 n22 0

0 0 n33

0
B@

1
CA (60)

The simplest way to define the state of frozen-in

orientation in the molded part is to measure the three

mutually independent components of birefringence:

Dn Z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn11 Kn22Þ

2 C4n2
12

q
;

n11 Kn33; and n22 Kn33

(61)

corresponding to the three mutually perpendicular planes xy,

xz and yz, respectively (with 1 or x, 2 or y, 3 or z

corresponding to the flow, gapwise, and width directions of

the cavity).

When the polymer is in the amorphous state, the

magnitude of the birefringence due to flow, Dnflow, assumed

to be equal to Dna, is proportional to that of the imposed

principal stress. This flow birefringence can be calculated

using the rheo-optical rule [2,6]:

Dna ZDnflow ZC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2
1 C4t212

q
Z ð1KXcÞfaDno

a (62)

where C is the constant stress-optical coefficient, N1 is the

first normal stress difference. In semicrystalline polymers

the overall birefringence depends on the flow history and the

viscoelastic properties of the polymer melts until the flow-

induced crystallization takes place and the relaxation of

molecular orientation ceases. At the onset of crystallization,

the molecular chains may lose their fluidity, and the stress as

well as the elastic strain may freeze. The molecular

orientation, which results from the frozen-in elastic strain,
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becomes part of the crystalline contribution to the overall

orientation. The molecular orientation in an amorphous

region also freezes with freezing of elastic strain when the

relaxation process becomes complete. This flow birefrin-

gence is the contribution of amorphous region to the overall

birefringence. Then, the overall birefringence in Eq. (58)

becomes:

Dn ZDnc CDnflow ZXcfcDno
c CC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2
1 C4t212

q
(63)

The magnitude of the molecular orientation is the result

of the frozen-in elastic strain, which is assumed to be equal

to the elastic recovery. It is postulated here that this elastic

recovery can be used as a measure of orientation to calculate

the birefringence contribution of the crystalline region of

semi-crystalline polymers.

The total strain, gtotal, can be divided into two

components, the elastic, ge, and inelastic (plastic) strain, gp:

gtotal Zge Cgp (64)

The elastic strain is associated with the orientation of

polymer molecules, whereas the plastic strain is related to

the intermolecular chain slippage, which is related to the

flow. Flow-induced crystallization leads to an abrupt

increase of the melt viscosity, and hence a loss of fluidity.

Therefore, one can assume that the recoverable elastic strain

freezes at the moment of crystallization. The magnitude of

this elastic strain can be used to calculate the crystalline

orientation function. At the start of flow the elastic strain

component dominates, whereas the plastic strain component

dominates at the later stage. When the crystallization

occurs, the stress-optical rule is no longer applicable, and

the crystalline birefringence cannot be calculated.

Thus in this research, the frozen-in elastic recovery was

used to calculate the birefringence contribution from the

crystalline region. The frozen-in elastic strain was deter-

mined using the non-linear viscoelastic constitutive

equation [20].

The elastic recovery is the part of total shear strain which

is recovered after unloading the stress. The transient,

gt(x,y,t), and the ultimate, gN(x,y), elastic recovery can be

expressed as [44]:

gtðx; y; tÞZ

ðt

0
_gðx; y; xÞdx (65)

gNðx; yÞ ¼

ðN
0

_gðx; y; xÞdx (66)

where _g is the shear rate variation with time during

recovery. The elastic recovery can be obtained by letting the

value of shear stress, t12, in Eq. (19) be zero, and one

obtains [44]:

_gðx; y; tÞZ
K1

smq1ðTÞ

XN

kZ1

mkC12;kðx; y; tÞ (67)
The shear rate expressed in Eq. (67) is substituted into the

governing equations for Cij,k in Eqs. (20)–(21):

DC11;k

Dt
C

2

smq1
C12;k

XN

iZ1

miC12;i C
1

2qk

ðC2
11;k CC2

12;k K1Þ

Z 0

(68)

DC12;k

Dt
C

1

smq1
C22;k

XN

iZ1

miC12;i C
1

2qk

ðC11;k CC22:kÞC12;k

Z 0

(69)

Eqs. (68), (69) and (22) can be solved for Cij,k by starting

from the fully-developed flow using the steady-state initial

conditions in Eqs. (29)–(31) [44]. Then the shear rate can be

obtained from Eq. (67). Finally, the elastic recovery is

obtained by integrating the shear rate with respect to time in

Eqs. (65) and (66).

The obtained elastic recovery, gN, was used to calculate

the principal extension ratios, l. For the simple shear, these

values are as follows [45]:

l1 Z l; l2 Z 1; l3 Z 1=l (70)

lZ
gNC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2
NC4

p
2

(71)

where l1, l2 and l3 are the principal stretch ratio to x, y and z

direction, respectively.

According to Gaylord’s theoretical analysis of the flow-

induced crystallization in Gaussian networks, the crystalline

orientation function is related to l as [1,30]:

fc Z
1

2

3l3

2Cl3
K1

� �
(72)

Certainly, this approach for the calculation of fc is

oversimplified since it is applicable to the uniaxial

extension. In the injection molding, the crystalline orien-

tation function is more complicated. However, for the

simplicity we use Gaylord approach in the calculation of fc
in this study. This function determined at the onset of the

crystallization was used to predict the crystalline contri-

bution to the overall birefringence in Eq. (63).
3. Experimental
3.1. Materials and sample preparation

The materials studied are various commercial i-PPs with

different molecular weights, namely Pro-fax PP-6523, PP-

6723 and PP-6823 that are simply the homopolymers with a

general purpose stabilization package, supplied by Basell.
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The general material characteristics, including melt flow

index (MFI), polydispersity index (PI), and weight-aver-

aged molecular weight (Mw) are given in Table 1. Model

parameters related to the crystallization kinetics, the non-

linear viscoelastic constitutive equation, and the thermal

properties are given in Table 2.

A Van Dorn injection molding machine model Van

Dorn-50F series with a standard tensile bar as shown in Fig.

1 was used for the experiments. The pressure was monitored

by three piezoelectric pressure transducers Kistler 6153B at

positions close to sprue (position P1), gate (position P2) and

the end of the cavity (position P3). When the pressure was

applied, the pressure transducer produced charge, which

was amplified and monitored by a charge monitor, Kistler

5058B. The output voltage from the amplifier to the data

acquisition card is between 0 and 10 V. The experiments

were done at various processing variables, such as, inlet

melt temperature (T0), injection speed (Vinj), holding

pressure (Ph), holding time (th) and mold temperature

(Tw). For each material, the injection molding experiments

were performed at 8 processing conditions as shown in

Table 3 [46]. The gapwise birefringence distributions of Dn

in moldings were measured by Van Sweden [46].
Fig. 1. Mold used in experiments. All dimensions are given in mm. P1, P2

and P3 indicate the positions of pressure transducers.
3.2. Quiescent crystallization

To characterize crystallization kinetics for various

materials used in this study, sufficiently dried pellet was

used. Approximately 10 mg of material was prepared from

the pellet and used for both isothermal and non-isothermal

crystallization characterization. The isothermal character-

ization was carried out using the sample in a nitrogen

atmosphere by means of Perkin–Elmer differential scanning

calorimeter (DSC-7). The sample was first heated from

room temperature to a specific temperature (210 8C)

sufficiently above the melting temperature and annealed

for 10 min in the DSC furnace in order to erase any thermal

and mechanical history. The melt was cooled at a rate of

60 8C/min until the specified crystallization temperature

was reached. The half time, t1/2, when half of the final

crystallinity is achieved was measured. In case of non-

isothermal crystallization characterization, a sample was

first heated from room temperature to 210 8C and annealed

for 10 min in the DSC furnace as in the isothermal case. The

melt was then cooled at a specific rate (2.5, 5, 10, 20 and

40 8C/min) down to a room temperature, and the relative

degree of crystallinity as a function of time and temperature

was obtained using a non-isothermal thermogram. Then by
Table 1

Materials specification

Materials PP-6523 PP-6723 PP-6823

MFI (dg/min) 4.1 0.92 0.51

PI 4.3 3.9 3.9

Mw 351,000 557,000 670,000
applying the master curve approach to crystallization

kinetics developed in [47], the experimental rate constants

as a function of temperature were obtained. These rate

constant data were fitted to Hoffman–Lauritzen equation to

determine crystallization kinetics model parameters,

(1/t1/2)0 and Kk which are listed in Table 2.

Experimental data and fitted curves for PP-6523, -6723,

and -6823 are illustrated in Fig. 2 [15].
3.3. Rheological characterization

In order to calculate the rate constant for the flow-

induced crystallization based on the thermodynamical

crystallization model and density variation, occurring

during the injection molding cycle, various material

parameters are required. These include physical, thermal

and rheological properties, and the parameter of the

crystallization model listed in Table 2. The rheological

(flow curve) measurements were performed on a Rheo-

metrics mechanical spectrometer (RMS-800) in the cone-

and-plate mode within the low shear rates ranging from 10K2

to 2.0 sK1 and on an Instron capillary rheometer (Model

3211) within the high shear rates from 10 to 103 sK1. The



Table 2

Model parameters related to crystallization kinetics, constitutive equation, and thermal properties of iPPs

Material constants PP-6523 PP-6723 PP-6823 Reference

Crystallization kinetics

(1/t1/2)o!10K8 (sK1) 5.459 3.858 1.528 [15]

Kk!10K5 (K2) 3.99 3.93 3.81 [15]

n 3 3 3

DHc (J/g) 110.56 96.10 91.02 [46]

XN 0.5290 0.4598 0.4355 [46]

fcr 0.11 0.11 0.11 [18]

Tm (8C) 172 172 172 [62]

Tg (8C) -10 -10 -10 [62]

C!10K10 (cm2/dyn) 9.0 9.0 9.0 [62]

Dnoc 0.029 0.029 0.029 [63]

Dnoa 0.06 0.06 0.06 [63]

Constitutive equation

s 0.00324 0.000974 0.00118 [48]

Tb (K) 4794 4374 4548 [48]

A1 (Pa s) 2.120!10K2 8.640!10K2 6.180!10K2 [48]

A2 (Pa s) 1.820!10K1 1.120 1.980 [48]

A3 (Pa s) 1.480!10K1 1.800 2.180 [48]

B1 (s) 2.800!10K7 8.480!10K7 5.640!10K7 [48]

B2 (s) 1.180!10K5 2.340!10K5 4.480!10K5 [48]

B3 (s) 3.420!10K4 5.840!10K4 7.280!10K4 [48]

Thermal properties

k (W/m K) 0.193 0.193 0.193 [62]

Cp (J/kg K) 2140 2140 2140 [62]

r (kg/m3) 900 900 900 [62]
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material constants such as the parameter, s, the number of

relaxation mode, N, and the viscosity, hk, and relaxation

time, qk, were determined from these rheological exper-

iments. The material constants, including Ak, Bk, Tb, N and s,

were obtained by curve fitting of the viscosity data as a

function of shear rates at three temperatures of 180, 200, and

230 8C using Eqs. (10)–(12) and (32). The least square non-

linear regression method was used for curve fitting, and

fitted parameters are listed in Table 2. As an example, the

measured data along with fitted curves for PP-6523 are

illustrated in Fig. 3 [48].

The pressure trace within the mold was measured, and

the crystallization factor fcr was adjusted in such a way that

the best fit to the pressure trace is obtained. In the case of i-

PPs, the obtained crystallization factor fcr had a value of

0.11 [18], which shows that the interfacial energy changes

caused by the high nucleation density are in the same order
Table 3

Processing conditions for the injection molding experiment for i-PPs [46]

Condition number Holding time (s) Injection speed (

1 15 49.00

2 15 49.00

3 15 12.25

4 15 122.5

5 5 49.00

6 30 49.00

7 15 49.00

8 15 49.00

Cooling time: 20 s. Packing pressure: 44.8 MPa.
of the volume energy changes caused by crystallization. The

same crystallization factor was used to predict the flow-

induced crystallization of a wide variety of operation points

for the three isotactic polypropylenes of different molecular

weights.

Parameters for the Spencer–Gilmore PVT equation, Eqs.

(34)–(37), are taken from Ref. [25] and listed in Table 4.
4. Meshes and numerical scheme

The numerical simulations of the injection molding

process of i-PPs were carried out. The simulation code was

developed using ANSI C programming language. The mesh

network was generated over the mold cavity and the melt

delivery system, which was divided into 12 segments based

upon the geometric continuity. Each of these segments does
cm3/s) Melt temperature (8C) Mold temperature (8C)

215 25

230 25

230 25

230 25

230 25

230 25

230 60

250 25



Fig. 2. Non-isothermal crystallization rate constants for various i-PPs [15]. Experimental data (symbols) with non-linear regression (lines) fit to non-isothermal

rate constant in Eq. (56) at the quiescent condition.
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not contain any juncture with the cross section of the flow

channel having the same geometric shape (circular or

rectangular). These 12 segments were discretized into

equally spaced 182 nodes in the flow direction. The half

thickness in the melt delivery system and the cavity was

discretized into 65 equally-spaced nodes.

At the sprue entrance the gapwise distribution of

temperature is assumed to be uniform and equal to the

inlet melt temperature, To. Presumably, the melt front, xf,

progresses regularly, starting from the gate to the end of

cavity. That means the melt front, xZxf, advances one space

of Dx at the time step of Dt. The melt front flow can be

thought of as the steady, fully developed Poiseuille-type. In

this case, the system of equations for the elastic strain
Fig. 3. Flow curves at various melt temperatures as a function of shear rate for PP-

non-linear regression fit to Eqs. (10)–(12) and (32).
tensor, composed of Eqs. (20)–(22), is reduced from the

system of differential equations to that of algebraic

equations. The analytical solutions for the shear rate

dependent elastic strain tensor components of kth mode at

the melt front, Cij,k(xf,yj,t) (which are the initial values at the

node of (xf,yj) for the subsequent time steps, tCDt) are given

by Eqs. (29)–(31). At the same time, the shear rates,

_gðxf ; yj; tÞ, and the elastic tensor components of kth mode,

Cij,k(xf,yj,t), should satisfy Eqs. (19) and (27) (Cartesian), or

(28) (cylindrical), as dictated by the viscoelastic constitutive

equation and transport laws. Therefore, Eqs. (19), (27)

(Cartesian), (28)) (cylindrical), and Eqs. (29)–(31) can be

considered as the system of equations for the shear rate,

_gðxf ; yj; tÞ, which can be solved by Newton–Raphson
6523. Symbols represent the experimental data [64] while lines indicate the



Table 4

Material constants in Spencer–Gilmore P–V–T equation of state

Unit TRTt T%Tt

�P (108 Pa) 2.650 2.402
�R (102 J/kg K) 2.203 1.029

�r (103 kg/m3) 1.084 1.005

b5 (10
2 K) 3.960

b6 (10
K7 K/Pa) 2.250

b7 (10
K5 m3/kg) 8.700

b8 (10
K1 KK1) 5.370

b9 (10
K7 kg/m3) 1.260
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iterative method [49]. The initial guess for the shear rate,

_gðxf ; yj; tÞ, are given by [4]:

_g0ðxf ; yj; tÞZ
3U

b2
yj ðCartesian coordinatesÞ (73)

_g0ðxf ; yj; tÞZ
4U

b2
yj ðcylindrical coordinatesÞ (74)

Starting from the initial guess so determined, the iterative

solution procedure based on Newton–Raphson method is

carried out until the solutions for the elastic strain tensors

and shear rates at the melt front are converged.

In computation, the melt front was advanced along the

flow direction until the end of the cavity is reached. For the

nodes other than those at the melt front and the gate in

the flow domain, (xi,yj) with isf, the iterative method

with the numerical relaxation must be utilized to directly

solve the system of equations composed of Eqs. (19) and

(27) (Cartesian), or Eq. (28) (cylindrical), and Eqs. (20)–

(22) with Cij,k(xi,yj,t) and _gðxi; yj; tÞ at the node (xi,yj) as the

unknowns. The initial guess for each of the unknowns is its

value at the previous time, namely, Cij,k(xi,yj,tKDt) and

_gðxi; yj; tKDtÞ. The shear rates and the elastic strain tensor

components are numerically determined using the conver-

gence parameters.

The convective term in Eqs. (20) and (21) was handled

using newly calculated time step, Dt 0, by considering flow in

filling and packing stage:

Dt 0 Z
1

1=DtCuðxi; yj; tÞ=Dx
(75)

Using the converged value of Cij,k(xi,yj,t), stress tensor

tij(xi,yj,t), reduction of entropy DSel(xi,yj,t), velocity

n(xi,yj,t), and relative crystallinity q(xi,yj,t) are updated. If

the mold cavity is filled, then filling stage is complete and

packing stage starts.

During the packing stage, high pressure is applied at the

sprue entrance. Consequently, the density �r within the mold

geometry does vary with time. Thus, the PVT equation of

state proposed by Spencer and Gilmore is employed to take

into account the compressibility of the polymer melt. With

taking the representative density, �rZ �rðx; tÞ, the general

form of the unified governing equation of flow can be

attained for the packing stage by substituting Eqs. (39)–(41)
into Eq. (49) [2]:

Gðx; tÞ
vP

vt
K

v

vx
S
vP

vx

� �
ZFðx; tÞ (76)

where

Gðx; tÞZ
1

�rðPC P̂Þ

ðb

0
r 1Krr̂
� 	

dy (77)

Fðx; tÞZ 1 �r

ðb

0
r 1Krr̂
� 	 v ln T

vt
dy (78)

It is noted that the representative density �rZ �rðx; tÞ,
should be evaluated using Eq. (50) to avoid its dependence

on the gapwise direction. Eq. (76) would be used to update

the pressure profile during the packing stage. This is

possible since the packing stage immediately follows the

filling stage, at the end of which the information on P, T, r

and S are known. Based upon the quantities at the previous

time, the pressure at the current time could be determined by

solving Eq. (76). The procedure continues until the packing

stage ends. Once the pressure profile P(x,t) is updated, the

pressure gradient L(x,t) can be calculated based upon the

known pressure profile, and the fluidity S(x,t) updated at

the same time. Furthermore, shear rate _gðx; y; tÞ, velocity
u(x,y,t) and energy dissipation F(x,y,t) can be computed for

each instant of time in the same way as that for the filling

stage except using additional pack flow rate, Qpack, instead

of flow rate in filling stage. Qpack is calculated by the

difference of specific volume combined with the cavity

volume using Eqs. (34)–(38):

Qpack Z
VðTðtÞ;PðtÞ;XcðtÞÞKVðTðtKDtÞ;PðtKDtÞ;Xcðt KDtÞÞ

Dt












(79)

In addition, the densities, r(x,y,t) and �rðx; tÞ are also

updated accordingly.

In the cooling stage, the flow is ceased. Therefore, the

velocity and shear rates are zero. The flow stresses

developed during the filling and packing stage relax,

governed by the viscoelastic constitutive equation, Eqs.

(20)–(22). Therefore, the numerical computation scheme for

the relaxation of the flow stresses is greatly simplified in

comparison with that of filling and packing stage. The

computational procedure is similar to that explained in

filling stage, except that the calculations related to the flow

field disappear with _gZuh0.
5. Results and discussion
5.1. Elastic recovery and crystallization orientation

function

Molecular chains in an extended state relax at the

removal of the stress. However, the elastic strain may not
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relax completely depending on the material characteristics,

temperature, crystallinity and so on. The elastic strain can be

frozen-in when the polymer material passes through the

crystallization temperature, or when the degree of crystal-

linity exceeds a certain level. The unrelaxed portion of the

elastic strain is considered as ‘elastic recovery’, which can

be used for the evaluation of birefringence.

Fig. 4 illustrates the calculated total strain, transient

elastic recovery (elastic strain) and plastic strain as a

function of time for PP6523 at the processing tempera-

ture of 215 8C and the shear rate of 500 sK1. Clearly,

the total strain increases linearly with time and its value

is close to that of the elastic recovery at the start of the

shear flow at low times. On the other hand, the plastic

strain which is much lower than the total strain and

elastic recovery at the start of the shear flow, increases

with time and then reaches the total strain at large times

upon achieving the steady state flow. The elastic

recovery passes through an overshoot before reaching

its steady state value.

Fig. 5 illustrates the transient elastic recovery as a

function of time after start-up of steady shear flow under an

isothermal condition at various shear rates for PP-6523

calculated according to Eqs. (65)–(69). The elastic recovery

increases linearly with time at small times, and then deviates

from linear behavior, overshoots, finally reaches a steady

state value. The overshoot position shifts to lower time with

increasing shear rate, and the elastic recovery increases with

shear rate. The elastic recovery may achieve a value as high

as 10. Certainly, it is the main source for introducing the

orientation and development of birefringence.

Fig. 6 shows the dependence of the ultimate elastic

recovery on shear stress in steady-state shear flow obtained

for various processing temperatures of TpZ185–270 8C for

PP-6523 and -6723 calculated according to Eqs. (66)–(69).
Fig. 4. Calculated total strain, transient elastic recovery and plastic stra
It is seen that for each i-PP a master curve of the ultimate

elastic recovery is obtained, which is independent of

processing temperatures. At the same shear stress, the

elastic recovery is larger in low molecular weight PP-6523

than in higher molecular weight PP-6723 till a certain value

of the shear stress. However, the maximum attainable elastic

recovery is larger in case of PP-6723.

Fig. 7 shows the transient crystalline orientation function

at various shear rates for PP-6523 calculated according to

Eqs. (71)–(72). The crystalline orientation function

becomes higher at high shear rates, and reaches the

steady-state value faster with the increase of shear rate.

The ultimate crystalline orientation function versus shear

stress in steady state flow at various processing temperatures

(TpZ185–270 8C) for PP-6723 and -6523 is illustrated in

Fig. 8. The crystalline orientation function is independent of

the processing temperature. It is linearly proportional to the

shear stress at its low values and deviates from linearity with

an increase in shear stress. It reaches a value close to 1 at

higher shear stress.

Figs. 9 and 10 show, respectively, the ultimate elastic

recovery and the crystalline orientation function at steady

state flow as a function of the processing temperature at

various shear rates for PP-6523 calculated according to Eqs.

(66)–(72). The ultimate elastic recovery and crystalline

orientation function increase with increasing shear rate and

decreasing processing temperature.

Fig. 11 shows the transient elastic recovery as a function

of time at the shear rate of 500 sK1 and the processing

temperature of 195 8C for i-PPs having different molecular

weights calculated according to Eqs. (65)–(69). At low time,

the elastic recovery is independent of the molecular weight.

However, at larger time before reaching steady state the

overshoot appears with its position on time scale shifted

towards larger time. This overshoot increases with the
in as a function of time for PP6523 at TpZ215 8C, _gZ500 sK1.



Fig. 5. Transient elastic recovery as a function of time after the start-up of steady shear flow at various shear rates for PP-6523 at TpZ215 8C calculated

according to Eqs. (65)–(69).
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molecular weight. Also, the steady-state value of elastic

recovery increases with the molecular weight.
5.2. Pressure and birefringence distribution

Fig. 12 shows pressure traces during the injection

molding for filling stage and beginning of packing stage

(a) and complete molding cycle (b) for PP-6523. Both

experimental and predicted pressure traces are shown in

these figures with the symbols representing the recorded

pressure at three transducer locations and lines representing

the corresponding predicted pressure traces. Generally, the

simulated pressure traces during the filling stage and at the

beginning of the packing stage are in a good agreement with
Fig. 6. Dependence of the elastic recovery on shear stress during shear flow at v

calculated according to Eqs. (66)–(69).
the experimental data. It can be seen that the experimental

pressure traces rise quickly to the maximum at the end of the

filling stage, overshoot at the beginning of the packing stage

and then reach constant values corresponding to the holding

pressure and maintain their values during holding time. This

pressure overshoot is due to a sudden imposition of

holding pressure. Namely, it takes some time for the

pressure to achieve the steady packing pressure that applied

to the melt at the beginning of the packing stage. However,

in the simulation, the holding pressure is taken as the input

parameter and therefore this overshoot is not seen.

Accordingly, the pressure trace obtained from the simu-

lation can not very well describe the pressure traces

observed in the experiment at the beginning of the packing
arious processing temperatures of TpZ185–270 8C for PP-6523 and -6723



Fig. 7. Crystalline orientation function as a function of time after start-up of shear flow at various shear rates for PP-6523 at TpZ195 8C calculated according to

Eqs. (71) and (72).
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stage. Nevertheless, the flow-induced crystallization occurs

in the filling stage, so this should not have an appreciable

effect in simulation of the flow-induced crystallization.

In the cooling stage, the experimental pressures relax

very fast in comparison with the predicted pressure. In

molding experiments, the screw retracts immediately after

removing the holding pressure leading to the fast decay of

pressure in the cavity. This effect was not included in the

present simulation.
5.2.1. Birefringence distribution

The birefringence in the injection molding of semicrys-

talline polymers appears as a result of two contributions,

namely crystalline and amorphous.
Fig. 8. Dependence of the crystalline orientation function on shear stress during sh

and -6723 calculated according to Eqs. (71) and (72).
According to [2], the birefringence in moldings made of

amorphous polymers appears from two main sources. The

first is the flow-induced birefringence, which is a conse-

quence of the shear and normal stresses developing during

cavity filling and packing leading to the orientation of

molecular chains. During the subsequent cooling stage this

orientation does not completely relax and appears as the

frozen-in birefringence in moldings. The second source of

the birefringence in moldings of amorphous polymers is the

non-equilibrium density or shrinkage change and the

viscoelastic behavior of the polymer during the inhomo-

geneous rapid cooling through Tg, which results in the

thermal birefringence. In the past decades, the theoretical

description of birefringence in molded parts of amorphous
ear flow at various processing temperatures at TpZ185–270 8C for PP-6523



Fig. 9. Processing temperature effect on the ultimate elastic recovery at various shear rates for PP-6523 calculated according to Eqs. (66)–(69).
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polymers has been widely studied by many authors [2–6,11,

50]. However, for semicrystalline polymers, there are only a

few theoretical studies on the frozen-in birefringence. It is

due to the complexity of its prediction [51–54]. In

particular, the overall birefringence of the semicrystalline

polymers is attributed by both crystalline and amorphous

contributions.

In this study, it is assumed that the stress and elastic

recovery freeze at the onset of flow-induced crystal-

lization during the filling stage. In the packing and

cooling stage the isotropic melting temperature was used

for this purpose. This is reasonable because the flow rate

during packing stage is not large, although the tempera-

ture becomes low. The frozen-in elastic recovery can be

calculated more appropriately by using the crystallinity-
Fig. 10. Processing temperature effect on the crystalline orientation function at
dependent viscosity without the necessity of making any

assumption about freezing condition. However, exper-

iments to relate the crystallinity to viscosity are very

difficult to carry out especially at high shear rates

occurring during injection molding, although some

limited experimental data at low shear rates were

reported concerning the viscosity increase due to the

crystallization [29,55,56]. Clearly, more studies are

required to elucidate the issues related to the crystal-

linity-dependent viscosity.

In the present study, the frozen-in elastic recovery was

used to calculate the principal extension ratio, l and the

crystalline orientation function, fc, to determine the crystal-

line contribution to the overall birefringence. At same time,

the flow birefringence, calculated by using the stress-optical
various shear rates for PP-6523 calculated according to Eqs. (66)–(72).



Fig. 11. Transient elastic recovery as a function of time for PP-6523, -6723 and -6823 at TpZ195 8C and _gZ500 sK1 calculated according to Eqs. (65)–(69).
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rule, was used to determine the amorphous contribution to

the overall birefringence.

Figs. 13–18 show the gapwise distribution of the frozen-
Fig. 12. Experimental [46] (symbols) and simulated (lines) cavity pressure

traces of dumbbell shape cavity at locations P1, P2 and P3 for PP-6523,

T0Z230 8C, TwZ25 8C, thZ15 s, PhZ44.8 MPa and QZ49.0 cm3/s at

condition 2 in Table 3.
in birefringence at the midway of moldings for various i-PPs

at different processing conditions. From these figures, one

can see that the positions near the wall show significantly

higher birefringence than the positions near the center of the

moldings. This indicates the higher orientation of the

molecules at the positions near the wall. The high shear rate

near the wall causes the flow-induced crystallization in this

region leading to the formation of a skin layer. The skin

layer is generally thought to exhibit the shish-kebab

structure, which has the higher orientation [13,14–18,54,

57,58].

Typically, a sharp decrease in birefringence from the skin

to core is shown in these figures. The higher shear rate near

the wall causes molecular chains to stretch and orient more

in the flow direction, while in the core region this strong

orientation does not occur due to low shear rates and high

temperatures. This leads to the higher birefringence in the

skin than that in the core. Therefore, the birefringence

measurement can be used to estimate the effect of the flow-

induced crystallization [13,14–18,52,59,60].

In the core region of the moldings, the quiescent

crystallization occurs under the non-isothermal conditions.

The crystallization front moves away from the mold walls

towards the core due to the temperature gradient in the

thickness direction. This causes the creation of spherulites

with the slight preferential orientation as indicated by the

non-zero value of birefringence in the core. The study of

birefringence distribution in moldings of amorphous poly-

mers [2,4–12] also showed the non-zero residual birefrin-

gence in the core. It was mentioned that the non-zero

residual birefringence in the core is derived from the

residual thermal birefringence. Thus, it can be thought that

the birefringence in the core of semicrystalline polymer is

also affected by thermal stresses developed in both crystal-

line and amorphous regions.

Fig. 13 depicts the effect of melt temperature for



Fig. 13. Gapwise birefringence distribution at the midway of dumbbell shape cavity moldings of PP6523 at different inlet melt temperatures. Symbols represent

the experimental data while lines indicate the simulated data. Molding conditions are 1, 2 and 8 in Table 3: QZ49 cm3/s, PhZ44.8 MPa, thZ15 s and TwZ
25 8C.
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PP-6523. A decrease in the inlet melt temperature causes a

slight increase of the value of birefringence in the scin layer

near the wall. However, thicker skin layers are observed

with a decrease of the inlet melt temperature. This is due to

an increase in the relaxation time of the flow-induced

crystallization with decreasing the inlet melt temperature

[53,60], which leads to the highly oriented skin layer. At the

core, comparatively high level of birefringence is observed

due to an additional flow occurring during the packing stage.

Simulated data also predict the development of birefrin-

gence in this region. As is evident from Fig. 15, the

birefringence in the core region mainly arises due to the
Fig. 14. Gapwise birefringence distribution at the midway of dumbbell shape cav

experimental data while lines indicate the simulated data. Molding conditions are

25 8C.
presence of packing stage as indicated by calculated results.

The prediction of birefringence without packing stage

shows no birefringence at this region. However, in contrast

to experiments simulated data does not show the strong

effect of melt temperature on birefringence in the core

region.

From Fig. 14, one can see the effect of holding times on

the birefringence of PP-6523. According to the experimen-

tal data, holding time does not affect the skin layer thickness

and birefringence. However, when the holding time

increases, the birefringence in the core region also increases.

As cooling continues after cavity is filled, the material in the
ity moldings of PP6523 at different holding times. Symbols represent the

2, 5 and 6 in Table 3: QZ49 cm3/s, PhZ44.8 MPa, TmZ230 8C and TwZ



Fig. 15. Comparison of the prediction of the gapwise birefringence distribution with and without packing stage at the midway of dumbbell shape cavity

moldings of PP6523. Symbols represent the experimental data while lines indicate the simulated data. Molding condition is 3 in Table 3: PhZ44.8 MPa, TmZ
230 8C, thZ15 s and TwZ25 8C.
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cavity undergoes contraction, thus creating a space for

the additional material to flow into the cavity. During the

holding time, the packing pressure is imposed, thus the

additional material will get supplied to the cavity. Accord-

ingly, the deformation process in the material continues

during this stage. Such deformation proceeds under high

stress, thereby introducing high orientation [2]. However, in

contrast to experiments simulated data does not show the

effect of holding time on the birefringence in the core

region. This is due to the fact that the isotropic melting

temperature was used as an assumption to determine

freezing in the packing stage. In addition, thermally induced

birefringence during crystallization is not considered in this
Fig. 16. Gapwise birefringence distribution at the midway of dumbbell shape cavit

experimental data while lines indicate the simulated data. Molding conditions are
study. If the crystallinity-dependent viscosity and thermally

induced birefringence are considered, the freezing of

molecular chains would occur naturally. Then the effect of

holding time or holding pressure on the birefringence in the

core region would be predicted more correctly.

The effect of wall temperature on the birefringence is

shown in Fig. 16 for PP-6723. The skin layer thickness and

birefringence at the core region decreases as the wall

temperature increases. As a result of increasing wall

temperature, the cooling rate decreases, which leads to a

less oriented material due to the possibility for a more

relaxation [60,61]. The simulated data are seen to show a

fair agreement with experiments.
y moldings of PP6723 at different mold temperatures. Symbols represent the

2 and 7 in Table 3: QZ49 cm3/s, PhZ44.8 MPa, TmZ230 8C and thZ15 s.



Fig. 17. Gapwise birefringence distribution at the midway of dumbbell shape cavity moldings of PP6723 at different injection speeds. Symbols represent the

experimental data while lines indicate the simulated data. Molding conditions are 2, 3 and 4 in Table 3: PhZ44.8 MPa, TmZ230 8C, thZ15 s and TwZ25 8C.
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Fig. 17 illustrates the effect of injection speed on the

birefringence for PP-6723. The skin layer thickness

increases with decreasing the injection speed. Both the

simulated and experimental data show this tendency.

However, simulated results are unable to predict the

birefringence in the core region near the center line because

in the present calculations only the contribution of the flow

birefringence is considered without considering contri-

bution of the thermal birefringence.

Fig. 18 shows the effect of molecular weight on the

frozen-in birefringence. Clearly, the birefringence

increases with the molecular weight. It is known that

the relaxation time of polymer melts increases with an
Fig. 18. Gapwise birefringence distribution at the midway of dumbbell shape ca

experimental data while lines indicate the simulated data. Molding condition is 7

60 8C.
increase of molecular weight. The high relaxation time

contributes to the high molecular orientation. Both the

simulated and experimental birefringence of i-PPs

shows this tendency.
6. Conclusion

In the processing of semicrystalline polymer, the flow-

induced crystallization inherently occurs under non-

isothermal flow conditions. Thus, the flow-induced

crystallization plays a major role in determining the

resultant microstructure and birefringence, and end-use
vity moldings of PP-6723, PP-6723 and PP-6823. Symbols represent the

in Table 3: PhZ44.8 MPa, TmZ230 8C, QZ49 cm3/s, thZ15 s and TwZ
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physical and optical properties. Simulation of the flow-

induced crystallization and birefringence development was

carried out based on the melting temperature elevation due

to entropy reduction caused by flow of a non-linear

viscoelastic fluid. Total frozen-in birefringence in moldings

was calculated based on crystalline contribution determined

upon freezing of crystalline orientation function at the

elevated melting temperature during cavity filling and

equilibrium melting temperature during packing and

amorphous birefringence developed during molding cycle.

In agreement with experiments, the calculation indicates

that the melt temperature, injection speed, molecular weight

and wall temperature affect the flow-induced crystallization

and the amount of frozen-in birefringence in moldings.

However, the present calculations show that these proces-

sing conditions and also holding pressure and holding time

have less effect on the calculated frozen-in birefringence

than the experiments indicated.
Acknowledgements

This work is supported in part by the grant DMI-0322920

from the National Science Foundation, Division of

Engineering.
References

[1] De Vries AJ, Bonnebat C, Beautemps J. Uni- and biaxial orientation

of polymer films and sheets. J Polym Sci, Polym Symp 1977;58:

109–56.

[2] Isayev AI, editor. Injection and compression molding fundamentals.

New York: Marcel Dekker; 1987.

[3] Isayev AI, Crouthamel DL. Residual stress development in the

injection molding of polymers. Polym-Plast Tech Eng 1984;22(2):

177–232.

[4] Isayev AI, Hieber CA. Toward a viscoelastic modeling of the injection

molding of polymers. Rheol Acta 1980;19(2):168–82.

[5] Isayev AI. Orientation development in the injection molding of

amorphous polymers. Polym Eng Sci 1983;23(5):271–84.

[6] Janeschitz-Kriegl H, editor. Polymer melt rheology and flow

birefringence. Berlin: Springer; 1983.

[7] Wales JLS, Van Leeuwen J, Van der Vijgh R. Orientation in injection

molded objects. Polym Eng Sci 1972;12(5):358–63.

[8] Dietz W, White JL. A simple model for calculating the pressure loss

during the mold filling stage and the frozen-in orientation in the

injection molding of amorphous plastics. Rheol Acta 1978;17(6):

676–92.

[9] Greener J, Pearson GH. Orientation residual stresses and birefrin-

gence in injection molding. J Rheol 1983;27(2):115–34.

[10] Flaman AAM. Buildup and relaxation of molecular orientation in

injection molding. Part I. Formulation. Polym Eng Sci e 1993;33(4):

193–201.

[11] Isayev AI, editor. Modeling of polymer processing: recent develop-

ments. Munich: Hanser; 1991.

[12] Shyu GD, Isayev AI. Residual stresses and birefringence in injection

molded disks. SPE ANTEC 1995;41:2911–7.

[13] Guo X, Isayev AI. Residual stresses and birefringence in injection

molding of semicrystalline polymer part 1: theoretical formulation. Int

Polym Process 1999;14(4):377–86.
[14] Guo X, Isayev AI, Guo L. Crystallinity and microstructure in injection

moldings of isotactic polypropylenes. Part 1: a new approach to

modeling and model parameters. Polym Eng Sci 1999;39(10):

2096–114.

[15] Isayev AI, Catignani BF. Crystallization and microstructure in

quenched slabs of various molecular weight polypropylenes. Polym

Eng Sci 1997;37(9):1526–39.

[16] Isayev AI, Churdpunt Y, Guo X. Comparative study of Ziegler–Natta

and metallocene based polypropylenes in injection molding: simu-

lation and experiment. Int Polym Process 2000;15(1):72–82.

[17] Kim KH, Isayev AI, Kwon K. Flow-induced crystallization and

birefringence in injection molding of semicrystalline polymers. SPE

ANTEC 2003;49:713–7.

[18] Palluch KP, Isayev AI. Rheological modeling of stress-induced

crystallization. Proceedings of the International Congress on

Rheology, 13th, Cambridge, United Kingdom. 2 August 20–25,

2000. p. 94–6.

[19] Gaylord RJ. Orientation of crystallites formed in stretched polymeric

networks. Polym Lett Ed 1975;13:337–40.

[20] Leonov AI. Nonequilibrium thermodynamics and rheology of

viscoelastic polymer media. Rheol Acta 1976;15:85–98.

[21] Spencer RS. Volume–temperature–time relationships for polystyrene.

J Coll Sci 1949;4:229–40.

[22] Spencer RS, Gilmore GD. Equation of state for polystyrene. J Appl

Phys 1949;20:502–6.

[23] Spencer RS, Gilmore GD. Equation of state for high polymers. J Appl

Phys 1950;21:523–6.

[24] Sobhanie M, Isayev AI. Viscoelastic simulation of flow of rubber

compounds. Rubber Chem Tech 1989;62(5):939–56.

[25] Guo X, Isayev AI, Demiray M. Crystallinity and microstructure in

injection moldings of isotactic polypropylenes. Part 2. Simulation and

experiment. Polym Eng Sci 1999;39(11):2132–49.

[26] Hoffman JD. Theoretical aspects of polymer crystallization with chain

folds: bulk polymers. SPE Trans 1964;4(4):315–62.

[27] George HH. Spinline crystallization of poly(ethylene terephthalate).

In: Ziabicki A, Kawai H, editors. High-speed fiber spinning, 1985. p.

271–94.

[28] Flory PJ. Thermodynamics of crystallization in high polymers. I.

Crystallization induced by stretching. J Chem Phys 1947;15:397–408.

[29] Kobayashi K, Nagasawa T. Crystallization of sheared polymer melts.

J Macromol Sci, Phys 1970;4(2):331–45.

[30] Gaylord RJ. A theory of the stress-induced crystallization of

crosslinked polymeric networks. J Polym Sci, Polym Phys Ed 1976;

14(10):1827–37.

[31] Katayama K, Yoon MG. Polymer crystallization in melt spinning:

mathematical simulation. In: Ziabicki A, Kawai H, editors. High-

speed fiber spinning. New York: Wiley; 1985. p. 207–23.

[32] Hay IL, Jaffe M, Wissbrun KF. A phenomenological model for row

nucleation in polymers. J Macromol Sci, Part B 1976;12:423–8.

[33] Alfonso GC, Grimaldi D, Turturro A. Nonisothermal crystallization

kinetics. Conv Ital Sci Macromol 1977;3:144–5.

[34] Ziabicki A. The mechanisms of ‘neck-like’ deformation in high-speed

melt spinning. 1. Rheological and dynamic factors. J Non-Newton

Fluid Mech 1988;30(2-3):141–55.

[35] Ishizuka O, Koyama K. Crystallization of running filament in melt

spinning of polypropylene. Polymer 1977;18(9):913–8.

[36] Oono R, Miasaka K, Ishikawa K. Crystallization kinetics of biaxially

stretched natural rubber. J Polym Sci 1973;11:1477–88.

[37] Kraus G, Gruver JT. Kinetics of strain-induced crystallization of a

trans-polypentenamer. J Polym Sci 1972;10:2009–24.

[38] Nakamura K, Katayama K, Amano T. Nonisothermal crystallization

of polymers. II. Consideration of the isokinetic condition. J Appl

Polym Sci 1973;17(4):1031–41.

[39] Nakamura K, Watanabe T, Katayama K, Amano T. Nonisothermal

crystallization of polymers. I. Relation between crystallization

temperature, crystallinity, and cooling conditions. J Appl Polym Sci

1972;16(5):1077–91.



K.H. Kim et al. / Polymer 46 (2005) 4183–4203 4203
[40] Hoffman JD, Davis GT, Lauritzen JI. In: Hannay NB, editor.

Crystalline and noncrystalline solids. Treatise on solid state

chemistry, vol. 3. New York: Plenum Press; 1976. p. 774.

[41] Dunning WJ. Kinetics of crystallization of rubber. Trans Faraday Soc

1954;50:1115–27.

[42] Guo J, Narh KA. Simplified model of stress-induced crystallization

kinetics of polymers. Adv Polym Tech 2002;21(3):214–22.

[43] Fleibner M. Kunststoffe 1973;63:597.

[44] Upadhyay RK, Isayev AI, Shen SF. Transient shear flow behavior of

polymeric fluids according to the Leonov model. Rheol Acta 1981;

20(5):443–57.

[45] Treloar LRG. The physics of rubber elasticity. 2nd ed. Oxford:

Clarendon Press; 1958. p. 342.

[46] Van Sweden C. MS Thesis,The University of Akron; 2000.

[47] Chan TV, Shyu GD, Isayev AI. Master curve approach to polymer

crystallization kinetics. Polym Eng Sci 1995;35(9):733–40.

[48] Guo X. PhD Thesis, The University of Akron; 1999.

[49] Evens GA. Practical numerical analysis. New York: Wiley; 1995.

[50] Isayev AI. Thermal stresses. Encycl Polym Sci Eng 1989;16:747–67.

[51] Isayev AI, Chan TW, Gmerek M, Shimojo K. Injection molding of

semi-crystalline polymers: characterization and modeling. SPE

ANTEC 1994;40:587–92.

[52] Isayev AI, Chan TW, Shimojo K, Gmerek M. Injection molding of

semicrystalline polymers. I. Material characterization. J Appl Polym

Sci 1995;55(5):807–19.
[53] Isayev AI, Chan TW, Gmerek M, Shimojo K. Injection molding of

semicrystalline polymers. II. Modeling and experiments. J Appl

Polym Sci 1995;55(5):821–38.

[54] Koppelmann J, Fleischmann E, Leitner G. Structure oriented skin

layers in injection molded plates of polypropylene. Rheol Acta 1987;

26(6):548–59.

[55] Hieber CA. Modeling/simulating the injection molding of isotactic

polypropylene. Polym Eng Sci 2002;42(7):1387–409.

[56] Poitou A, Ammar A. A molecular model for flow induced crystal-

lization of polymers. Macromol Symp 2002;185:243–55.

[57] Kantz MR, Newman HD, Stigale FH. Skin–core morphology and

structure–property relations in injection-molded polypropylene.

J Appl Polym Sci 1972;16(5):1249–60.

[58] Fujiyama M. Structure and properties of injection moldings of beta-

crystal nucleator-added polypropylene. Part 2. Effect of MFI of base

resin. Int Polym Process 1995;10(3):251–4.

[59] Eder G, Janeschitz-Kriegl H, Liedauer S. Crystallization processes in

quiescent and moving polymer melts under heat transfer conditions.

Prog Polym Sci 1990;15(4):629–714.

[60] Guo L. MS Thesis, The University of Akron; 1995.

[61] Demiray M. MS Thesis, The University of Akron; 1996.

[62] Van Krevelen DW. Properties of polymers. Amsterdam: Elsevier; 1990.

[63] Brandrup J, Immergut EH. Polymer handbook. 3rd ed. New York:

Wiley-Interscience; 1989. p. 453.

[64] Catignani B. MS Thesis, The University of Akron; 1996.


	Modeling and experimental study of birefringence in injection molding of semicrystalline polymers
	Introduction
	Theoretical consideration
	Governing equations
	Onset of flow-induced crystallization
	Crystallization rate constant
	Birefringence development during crystallization

	Experimental
	Materials and sample preparation
	Quiescent crystallization
	Rheological characterization

	Meshes and numerical scheme
	Results and discussion
	Elastic recovery and crystallization orientation function
	Pressure and birefringence distribution

	Conclusion
	Acknowledgements
	References


